Abstract. We study a multi-server multi-queue system which is intended to model a local area network with slotted ring protocol. Two special cases of the model are analysed and the results are used to motivate an approach to approximate mean queue lengths in the general model.
Introduction
The following queuing system generalizes earlier proposals for modelling a local area network with slotted ring protocol. Consider c equidistant slots (servers) moving with constant speed along a closed track. The time needed by a slot to make a complete round trip along the track is denoted by r. At fixed positions along the track are n stations (queues) numbered 1, 2 ..... n, at which packets (customers) arrive in batches. The arrival of batches at station i is governed by a Poisson process with intensity X i. The sizes of the batches arriving at station i constitute a sequence of mutually independent and identically distributed random variables with finite means and variances; the batch sizes are also independent of the batch arrival processes. We let A i denote the generic number of packets that arrive at station i in an and both a, and Oi 2 are finite by our assumption that the mean and variance of a batch size are finite.
Each station has infinite capacity for storing packets. The packets are released by the stations according to the following mechanism. Any station that has at least one packet in store waits until an empty slot comes along and then places a packet in the slot. The full slot subsequently makes a complete round trip along the track, after which it disposes of the packet at the source station and proceeds empty to the next downstream station. Upon returning to its source station a packet disappears from the system.
The models proposed in [12] and [13] are less general than the model described above since batch sizes are assumed to be geometrically distributed in [13] (see also [14] ), while packets are supposed to arrive singly in [12] . The model studied in [9] has the additional feature that each station can have at most one packet on the ring at any time.
Throughout this paper we will assume that steady-state conditions prevail, implying in particular that the stabifity condition
i<j<~n (see [13] and, for a formal proof, [1] 5) an exact or approximate expression for L, immediately yields a similar result for 145. In this paper we shall first discuss two special cases of the model, viz., the single-slot model in Section 2 and the single-station model in Section 3. Then, in Section 4, we shall indicate how the results for these special cases and the insights gained from these results suggest an approach to approximate L~, in the general case. A detailed elaboration of the approach and extensive numerical comparisons will be reported in a later paper.
The Single-slot Model
If c = 1, that is, there is only one slot, then the queuing system described in Section 1 can be interpreted as a cyclic-server system with nonzero switch-over times and I-limited service, the latter meaning that at most one customer is served during a visit of the server to a station. Indeed, after the slot has been occupied by a packet from a particular station, it makes a complete round trip along the track in the full state; but since the slot is not available to other stations during this round trip, we may as well assume that the slot remains at the station to perform a service of length r before it proceeds empty to the next downstream station.
Only in some exceptional cases explicit analytical results are available for cyclic-server systems, even if the quantities of interest are mean queue lengths as in our case. However, useful information can be obtained from the recently discovered so-called pseudo-conservation laws, which are exact expressions for weighted sums of the mean waiting times (or, cf. 
. n, satisfy the relation ~i (1-a~-~j aj)Li
Note that the switch-over times between consecutive stations, which are determined by the relative positions of the stations along the track, do not occur in (2.1).
The next two corollaries contain results for situations in which the exact mean queue length(s) can be obtained directly from Theorem 2.1. In the cases that are not covered by Corollaries 2.2 and 2.3 no exact expressions for L i are available. However, several suggestions for approximations for L, have appeared in the literature, see [4, [6] [7] [8] 10, 11] ; of these only [10] allows batch arrivals. Since, in the case of single arrivals, the approximation of [10] is generally inferior to those of [4, [6] [7] [8] 11] , it seems worthwhile to try to adapt the approximate assumptions in the latter references to batch arrivals. Choosing the approach in [4] this means that for each station i we must take into account an additional term representing the expected number of packets an arbitrary packet arriving at station i finds in front of it in its batch. It is not difficult to show, see [10] , that this quantity equals
½~',"(1)/~,'(1) = ½((o,2/a,)-1).
With this information the generalization to batch arrivals of the arguments in [4] is straightforward. It results in the approximation
The first term in the right-hand side of (2.4) is due to batches; indeed, if packets arrive singly at station i, then o~ 2 = a t.
The approximation (2.4) may be slightly improved by copying the minor refinement of the approximation in [4] suggested in [6] . The adaptation to batch arrivals of the approximation procedures suggested in [7] , [8] and [11] seems possible, but we have not worked out the details.
The Single-station Model
Since we consider the model with only one station (n = 1) in this section, we suppress the index i = 1.
In [2] an algorithmic procedure is presented for calculating the generating function of the distribu- 
. D (c))
and D (j) is 0 or 1 according to whether the jth slot is empty or occupied, respectively, at a passage instant. Here slots are numbered counterclockwise (assuming that the slots move clockwise) starting with the slot which is about to visit the station (see Fig. 1 ). Evidently, the successive states of the system at passage instants constitute a Markov chain. Moreover, it is shown in [2] In principle one can obtain the expected queue length EQ by differentiating Q(z) and letting z T 1. A short cut to this procedure is described and illustrated with numerical results in [2] . The algorithm is numerically feasible for c ~ 7.
We will now derive a representation for EQ which does not lead directly to explicit results but yields additional insight. By applying Little's formula to the part of the track which precedes the station and has length l/c (where l is the length of the track), we find that a slot which is about to pass the station has probability a of being full.
Since the state of a slot is constant between passage times it follows that 
which is the representation we were aiming at. Surprisingly, the conjectured limit equals the mean queue length one would obtain if the states of the successive slot passing the station would be independent (which is not true) and equal to 1 with probability a (which is true), as is shown in the Appendix.
There is also evidence supporting the following. First, with the explicit results obtained in [2] it is not difficult to prove that L(2)< L(1). Secondly, for the same reasons that led to Conjecture 3.1 it is in fact plausible that cov(Q, D (1>) goes to zero monotonically, which, in view of (3.8) and the fact that L(2)< L(1), is equivalent to the statement in Conjecture 3.2. Thirdly, the exact results for c ~< 5 as well as the simulation results for c = 30 reported in [2] support Conjecture 3.2. Finally, it is known for certain many-server models like G/M/c and E,,/D/c that increasing the number of servers while keeping the load per server constant makes that the mean queue length decreases, cf. [5] . These results suggest that the same may be true for other models, in particular the one at hand.
Summarizing the preceding we believe that there is strong evidence indicating that L(c) is a decreasing function of c whose limit as c goes to infinity equals the mean queue length one would have if the states of the successive slots passing the station would be independent and equal to 1 with probability 0/. For completeness' sake we note that L (1) 
The General Model
In the light of the difficulties we have encountered in the exact analysis of the single-slot and single-station models it seems illusory to try to obtain exact expressions for L~, i = 1, 2 ..... n, in the general model of Section 1. Consequently approximations are called for.
As a basis for approximations we would suggest to extrapolate to the multi-station case the It is interesting to compare (4.3) with the approximations that have appeared in the literature, since these pertain to symmetric systems. Choosing f(c) -1 in (4.3) we get the approximation of [13] , where indeed the single-slot model is used to approximate the multi-slot model. It is reported in [13] that this approximation overestimates the exact value of L,, as we would expect. Choosing f(c) --0 in (4.3) (and assuming single arrivals) we obtain the approximation of [12] , which is indeed based on the assumption of independent slots. According to [12] this approximation underestimates the exact value of L~, which is again what we would expect. It is extremely likely that a substantial improvement of these approximations should be obtained by a judicious choice of the function f ( c ).
An extensive evaluation of approximations of the type (4.3), and, in the asymmetric case, of the type (4.2), will be reported in a later paper.
Appendix
We consider a queuing system consisting of one station at which packets arrive according to a batch Poisson process as described in Section 1. The number of packets arriving in the interval of time [k-l, k) is denoted by C k, k=l, 2 ..... The stochastic variables C 1, C 2 ....
(denoted generically by C) are then mutually independent and identically distributed. We let ~(z)= E(z c) and assume that the mean a and variance o 2 of C are finite. At each point in time k, k = 1, 2,..., a slot passes the station. We define D k to be equal to 0 or 1 according to whether the kth slot passing the station is empty or full, respectively. The stochastic variables D1, D 2 .... (denoted generically by D) constitute a sequence of mutually independent and identically distributed random variables which are also independent of the arrival process. We let Pr(D = 1} = 1 -Pr(D = 0) =p, 0-%<p < 1. If there is at least one packet in the queue at the station and an empty slot passes the station, then exactly one packet is released from the queue, otherwise the queue length cannot decrease.
With Qk denoting the queue length just before the instant k, it is clear that { Qk, k = 1, 2 
